For any arbitrary values of n and l quantum numbers, we present a simple exact analytical solution of the D-dimensional (D ≥ 2) hyperradial Schrödinger equation with the Kratzer and the modified Kratzer potentials within the framework of the exact quantization rule (EQR) method. The exact energy levels (E nl ) of all the bound-states are easily calculated from this EQR method. The corresponding normalized hyperradial wave functions (ψ nl (r)) are also calculated. The exact energy eigenvalues for these Kratzer-type potentials are calculated numerically for the typical diatomic molecules LiH, CH, HCl, CO, N O, O 2 , N 2 and I 2 for various values of n and l quantum numbers. Numerical tests using the energy calculations for the interdimensional degeneracy (D = 2 − 4) for I 2 , LiH, HCl, O 2 , N O and CO are also given. Our results obtained by EQR are in exact agreement with those obtained by other methods.
This paper is organized as follows. In Section II the EQR method is reviewed. In Section III, the D-dimensional (D ≥ 2) Schrödinger equation is solved by this method with l = 0 quantum numbers to obtain the energy eigenvalues and the corresponding hyperradial wave functions of the Kratzer-type potential. In Section IV the interdimensional degeneracy is introduced. Numerical calculations of the energy levels and test of interdimensional degeneracy for many typical diatomic molecules CO, NO, CH, HCl, LiH, N 2 , O 2 , and I 2 are performed for various values of n and l quantum numbers to compare with those obtained by other methods in Section V. Finally, some concluding remarks are given in Section VI.
II. EXACT QUANTIZATION RULE METHOD
A brief outline to the EQR method is presented with an extension to the D-dimensional space (D ≥ 2). The details can be found in Ref. [8] . The EQR has recently been proposed to solve the one-dimensional (1D) Schrödinger equation:
where µ represents the reduced mass of the two interacting particles, k(x) is the momentum and the potential V (x) is a piecewise continuous real function of x. Equation (1) can be reduced into the Riccati equation:
where φ(x) = ψ(x) −1 dψ(x)/dx is the logarithmic derivative of wave function ψ(x). Due to the Sturm-Liouville theorem, the φ(x) decreases monotonically with respect to x between two turning points, where E ≥ V (x). Specifically, as x increases across a node of the wave function ψ(x), where E ≥ V (x), φ(x) decreases to −∞, jumps to +∞, and then decreases again. By carefully studying the 1D Schrödinger equation, Ma and Xu [8] obtained the EQR as
where x a and x b are two turning points determined by letting E = V (x), N is the number of nodes of φ(x) in the region E ≥ V (x) and it is larger by one than the number of nodes of wave function ψ(x), i.e. N = n + 1. Further, Ma and Xu [8] have generalized the EQR to 3D radial Schrödinger equation with a spherically symmetric potential. Here, we extend the 3D-generalization of the EQR given by Ref. [8] into the D-dimensional (D ≥ 2) Schrödinger equation. It is well-known that in the D-dimensional hyperradial Schrödinger equation, for any arbitrary spherically symmetric potential, can be simply written as [14] 
where l denotes the orbital angular momentum quantum number, µ is the reduced mass, ψ n,l (r) is the hyperradial part of the wave function and Y m l (Ω D ) is the hyperspherical harmonics. Furthermore, to remove the first derivative from the above equation, we define a new radial wave function R(r) by means of equation
which will give the radial wave function R(r) satisfying the wave equation
Further, the hyperradial equation (6) can be written into a simple analogy of the 2D and 3D radial Schrödinger equation given in Ref. [8] as [15] 
with the parameter
which is a linear combination of the spatial dimensions D and the angular momentum quantum number l. Thus, the EQR can be generalized to the D-dimensional (D ≥ 2)
hyperradial Schrödinger equation, with the new effective potential form given by (7) as
where
is called the quantum correction, Nπ is the contribution from the nodes of wave function and K(r) being the momentum between the two turning points r a and r b . It has also been found that this quantum correction is independent of the number of nodes of wave function for solvable quantum system. Thus, the quantum correction in Eq. (10) can be replaced by the ground-state calculations:
III. SOLUTIONS OF THE KRATZER AND MODIFIED KRATZER-TYPE POTENTIALS Considerable interest has recently been shown in the Kratzer-Fues [12, [16] [17] [18] [19] as a model to describe internuclear vibration of a diatomic molecule [20] [21] [22] [23] . This potential can be expressed in the form
where D e is the dissociation energy between two atoms in a solid and r e is the equilibrium internuclear length. This type of the potential in (12) has been studied through the smooth transformation [16] , the algebraic approach [17] , and the AIM [18] . The standard Kratzer's potential has been recently modified by adding a D e term to the potential [24] . A new type of this potential is called the modified Kratzer potential:
which is shifted in amount of D e . The above potential has been studied in D-dimensions through the polynomial solutions [25] and also the selection of a suitable wave function ansatz [15] . The modified Kratzer potential has also been studied before in the 3D through the NU method [24] . This potential can be simply taken as
where A = D e r 2 e , B = 2D e r e and C = D e [15, 25, 26] . For this spherically symmetric modified Kratzer potential, the effective potential in Eq. (7) can be arranged to
Further, by introducing the notation
from which we obtain a physically acceptable solution
and finally the effective potential becomes
On the other hand, by taking φ(r) = R(r) −1 dR(r)/dr, the Riccati equation reads
Now, we apply the EQR [8, 26, 27] given by (9) to solve the above Riccati equation. At first, we must determine the turning points r a and r b from solving the relation E = V eff (r) with r a < r b . Thus, we find
The momentum between two turning points r a and r b can be calculated by
Since the phase angle φ(r) decreases as r increases, then the solution with one node and no pole only has a unique solution φ 0 (r) = α 1 r −1 + α 2 with α 1 > 0 due to the monotonic property. Substituting this solution into the Riccati equation (19), we find the ground-state solution as
Evidently φ 0 (r) is negative when r → ∞, so that the solution satisfies the physically admissible boundary condition. In order to obtain the energy levels of all the bound-states, making use of the integrals given in Appendix A, we are able to calculate the quantum correction from Eq. (11) as
where the following formulas
have been used in finding Eq. (24) . On the other hand, for any n state, we calculate the left hand side of Eq. (9) for V eff (r) given in Eq. (18) using Eq. (22) as
Further, the substitution of Eqs (24) and (26) into Eq. (9), enables us to obtain the energy levels of all bound states in any arbitrary dimension D ≥ 2 as
where N = n + 1 was used with n is the number of nodes in the wave functions R(r).
Therefore, for the D-dimensional Kratzer's potential (C = 0), the energy spectra become
and also for the modified Kratzer-type (C = D e ) potential read
In what follows, we want to obtain the corresponding normalized hyperwave function. At first, we define
where for bound state case, states with E < C, we have real numbers for the parameters κ and τ. Thus, the hyperradial equation (4) transforms to a standard form given by
whose solutions are given as [19, 25] ψ n,l (ρ) = N(n, l)ρ ν e −ρ/2
from which we can obtain the quantum condition as −τ + ν + D−1 2 = −n, n = 0, 1, 2, · · · [28, 29] . Furthermore, we can renormalize the bound state solutions in (34) since these solutions are finite and convergent for both ρ = 0 (r = 0) and ρ → ∞.
On the other hand, using the following relationship between the associated Laguerre function and the hypergeometric function:
we may further rewrite the wave functions as
where N (n, l) is the normalizing factor to be determined by the renormalization condition
To find the normalizing factor, let us review the generalized Coulomb-like integral J (β) n,α (z) for noninteger α and β derived in [30] as
In the present case, we have β = 1. This J (1) n,α has only two nonzero contributions (for j = n − 1 and n) in the sum (38) because of the gamma functions of negative integers. The
enables us to write for our case
which gives the normalization factor
Therefore, we can finally obtain the re-normalized hyper wave function for the modified Kratzer potential as
with 2κ = 8µD e r ē h 2 (2n + ν 1 + 1)
,
which is found to be consistent with our previous findings in Ref. [25] using the polynomial solution.
IV. INTERDIMENSIONAL DEGENERACY
From Eq. (27), it can be seen that two interdimensional states are degenerate whenever [31] (n, l, D) → (n, l ± 1, D ∓ 2).
Thus, a knowledge of E (D) nl for D = 2 and D = 3 provides the information necessary to find E (D) nl for other higher dimensions.
For example, E
0,1 . This is the same transformational invariance described for bound states of free atoms and molecules [32, 33] and demonstrates the existence of interdimensional degeneracies among states of the confined Kratzer potential.
V. NUMERICAL APPLICATIONS
In this work, we have given numerical calculations for some typical diatomic molecules to compare with those obtained by other numerical exact methods given by the AIM [18] and the NU method [24] . In this regard, we have calculated the bound state energy levels with Eq. (28) using the Kratzer's potential for CO, NO, HCl, LiH, O 2 and I 2 diatomic molecules for selected n, l quantum numbers with parameter values given in Tables 1. These parameters values are taken from Refs. [34] [35] [36] [37] . Therefore, we give the explicit values of Kratzer's energy levels for different values of n and l in Tables 2-3 . We further compare these results with those obtained by the AIM [18] . In tables 4-5, we have also tested the interdimensional degeneracy (D = 2 − 4) using the energy calculations for CO, NO, HCl, LiH, O 2 , and I 2 diatomic molecules. On the other hand, for the recently proposed modified Kratzer potential, we have used the parameters for CO, NO, CH and N 2 diatomic molecules given in Table 6 to compare with the NU method [24] . For this case, in Tables 7-8, we give the energy levels for CO, NO, CH and N 2 diatomic molecules for various n, l quantum numbers by using Eq. (29).
VI. CONCLUDING REMARKS
In this study, we have used a different approach to find the l = 0 analytical and numerical solutions to the D-dimensional hyperradial Schrödinger equation with Kratzer-type potentials for various diatomic molecules within the framework of the exact quantization rule. For such potentials, the problem is simply reduced to a Coulomb potential plus an inverse quadratic potential term. The exact eigensolutions for this particular case have been obtained, in a similar way as the Hydrogenic solutions [30] . Further, we have calculated the exact bound state energy eigenvalues and the corresponding normalized hyper wave functions for various diatomic molecules for any l angular momentum quantum number bound by an exactly solvable Kratzer-type potential. The advantage of the present method is that it enables one to find the energy eigenvalues directly in a simple way. The method presented in this work can be applied to find the energy eigenvalues and the corresponding eigenfunctions of the Schrödinger equation within a given potential for various diatomic molecules.
It is obvious that Eqs. (27) and (36) (with Eqs. (31) and (40)) reduce to the well-known eigenvalues and eigenfunctions for the 3D Kratzer-Fues potential when D = 3 [38, 39] .
Further, they reduce to the Coulomb-like solutions in D-dimensions if A = C = 0 [40] .
Similarly, for B = 2Z > 0 and A = λ, Z and λ are real constants [41] .
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APPENDIX A: SOME HELPFUL FORMULAS
Here we list some helpful integrals, which are not available in the integral table, used in the present work to calculate the momentum integral and the quantum correction terms [26, 27] :
TABLES 
